The report is devoted to the results of the numerical study of the virtual cathode formation conditions in the relativistic electron beam under the influence of the self-magnetic and external axial magnetic fields. The azimuthal instability of the relativistic electron beam leading to the formation of the vortex electron structure in the system was found out. This instability is determined by the influence of the self-magnetic fields of the relativistic electron beam and it leads to the decrease of the critical value of the electron beam current (current when the non-stationary virtual cathode is formed in the drift space). The typical dependencies of the critical current on the external uniform magnetic field value were discovered. The effect of the beam thickness on the virtual cathode formation conditions was also analyzed.
I. INTRODUCTION
The analysis of nonlinear microwave oscillations and complex structure formation mechanisms in spatially extended systems with intensive beams of charged particles in the regimes of the virtual cathode (VC) formation attracts great attention of scientific community [1] [2] [3] [4] [5] [6] [7] [8] [9] .
It is well known [2] [3] [4] 10 that the systems with VC are characterized by the complex dynamics and can demonstrate a wide range of nonlinear phenomena, including dynamical chaos and pattern formation [11] [12] [13] [14] . Microwave generators using electron beams with VC (vircators 1, 15 ) are perspective devices of high-power microwave electronics for the generation of the impulses of wide-band microwave radiation due to its high output microwave power, a simple construction (particularly vircators can operate without external focusing magnetic field), a possibility of a simple frequency tuning and regime switching 3, 5, [16] [17] [18] . All these circumstances increase the fundamental and applied importance of studies of the nonlinear dynamics of the electron beams with VC.
The oscillating VC is known to appear in an electron beam when the beam current exceeds a certain critical value, I cr (space charge limiting (SCL) current) 1, 19 , and the beam space charge is strong enough in order to form a potential barrier (VC) which reflects the electrons back to the injection plane. The mechanisms of the VC formation have been investigated in detail in case of the one-dimensional (1D) electron beam motion (fully magnetized beam) 7, 12, [20] [21] [22] , with the critical beam current value being analytically defined for this case in Ref. 19 .
However, the use of 1D-theory to study the vircator systems is inefficient in many cases because it ignores a lot of important factors in the VC behavior and does not agree often with the experimental results. So, the development and use of 2D and 3D models for the analysis of the dynamics of electron beam with VC have attracted the great interest of scientific community recently 10, [23] [24] [25] . The important problem in this field is the analysis of the VC formation conditions and nonlinear dynamics of electron structures in relativistic electron beams (REB) in the presence of finite external magnetic field or even without external magnetic field which focuses the REB. In particular, the studies of REBs with overcritical currents are necessary for the analysis of contemporary high-power devices with VC -relativistic vircators 5 and ion acceleration systems 3, 26 .
Analyzing REBs, it is necessary to take into account effects being insignificant for weakly relativistic beams, in particular, the influence of the self-magnetic field of the REB that effects considerably on the system dynamics in case of ultra-relativistic electron beams.
Therefore, the 3D fully electromagnetic self-consistent model of REB dynamics is required for accurate and correct analysis of the VC formation in this case.
The present report deals with the 3D numerical electromagnetic study of the VC nonlinear dynamics of the annular REB in the presence of an external finite uniform axial magnetic field. The structure of this paper is the following. Section II contains the brief formalism describing a 3D mathematical model for the nonlinear interaction simulation of electron beam with overcritical current and electromagnetic fields. Section III deals with the nonlinear dynamics of REB with overcritical current. We analyze the influence of the external magnetic field on the VC formation conditions and structure formation in REB and discuss the azimuthal REB instability which leads to the formation of a vortex electron structure. In Section IV the influence of the beam thickness on the VC formation conditions is analyzed. The conclusions of this paper are summarized in Section V.
II. GENERAL FORMALISM
The model under study consists of finite-length cylindrical waveguide region (electron beam drift chamber) with length L, radius R and grid electrodes at both ends. The external uniform magnetic field with induction B z = B 0 is applied along the longitudinal axis of waveguide. The electron beam source is supposed to be magnetically unshielded in the considered model. This assumption means that the external magnetic field in the drift tube is equal to the magnetic field in the electron source region, therefore, the electron beam doesn't acquire azimuthal velocity components at the injection plane (in accordance with
Busch's theorem 27 ). Such magnetic field distribution is typical for many devices of the high-power electronics, particularly for magnetically isolated diodes that forms high-current
Time-dependent fully 3D electromagnetic model of REB dynamics based on solving the self-consistent set of Maxwell equations and equations of charged particles motion accompanied by corresponding initial and boundary conditions (particle-in-cell method) 28, 29 is used in the present paper. The main equations are written as:
where E and H are the electric and magnetic intensities, ρ and j are the charge and current (1) in cylindrical geometry on the shifted spatio-temporal meshes with constant spatial longitudinal, ∆z, radial, ∆r, and azimuthal, ∆θ, steps and time step, ∆t 28, 29 . The values of steps of spatio-temporal meshes is picked out from the Courant-Friedrichs-Lewy condition 28, 32 . The every field component is calculated on the own mesh (see 28, 29 ). The space charge and current densities on the meshes are calculated using a bilinear weighing procedure 28 . To model the electromagnetic power output we use the approach 30 based on the filling the section of electrodynamical system (L < z < 1.2L)
with the conducting medium with the conductance σ. 
where R is the radius of cylindrical drift tube, R b d are the radius and thickness of annular REB, γ 0 and v 0 are the relativistic factor and velocity of REB electrons at injection plane, c is the speed of light, and η is the specific electronic charge. Table I where W = 2R b is the beam diameter, and L is the drift chamber length) 35 , while for the considered system W/L = 0.25. The power loss is also negligible in our simulations, so its influence on the critical current value is insignificant in the considered case 36 . Thereby, the carried out analysis has shown (Fig. 2a ) that REB critical current curves have local maxima at the certain external magnetic field value B 0 = B i max dependent on the beam energy W e . Such behavior is not observed in the weakly relativistic electron beams and develops with the electron beam energy growth.
B. Structure formation in REB with overcritical current
The observed behavior of the REB critical current I cr (B 0 ), (see Fig. 2a ) is determined by the influence of the self-magnetic fields of REB on the space charge dynamics and electron structures formation. Therefore, this effect is more pronounced in the case of the weak external magnetic field and high energy of the injected electron beam W e > 600 keV, when the influence of the self-magnetic fields of REB is stronger. Let us consider the effect of electron structure formation in the presence of the REB self-magnetic field in detail. Fig. 2a, Fig. 4 -to the case of B 0 ∼ B This azimuthal instability of initially axially symmetrical beam in cylindrical drift chamber facilitates the formation of the vortex electron structure in the drift space. This instability is caused by the influence of the self-magnetic fields of the REB (see Fig. 3 ). Actually, there is the intensive transverse beam current in the system as a result of the beam divergence due to Coulomb's repulsion forces action in the presence of the weak external magnetic field which does not restrain these forces. This transverse current results in the The physical mechanism of the azimuthal instability development has similar features with the well-known convective instability of the electron beam in the finite external magnetic field 38,39 that arises due to the non-uniform distribution of the beam electrons density or velocity along the radial direction. However, the azimuthal instability in the considered case arises due to interaction of the beam with the self-magnetic, rather than external magnetic field.
The azimuthal instability leads to the decrease of the REB critical current due to the decrement of the longitudinal velocity, v z , and the increase of the velocity spread of electrons in the region of the formation of the vortex electron structure. As a consequence, VC is formed in the region of the vortex structure onset, where the REB space charge density is maximal due to a large number of electrons with low energy.
Note, generally the vortex structure may be formed in the system without the VC onset.
The azimuthal instability is developed in the REB when its current is greater than a certain threshold value. So, if the REB current exceeds this threshold value and it is less than the critical current (when the VC is observed in the system) only the vortex structure is formed in the system.
With the growth of the external magnetic field value the azimuthal instability becomes to be suppressed by the focusing force of the external magnetic field which is directed oppositely to the centrifugal force. Fig. 4 corresponding to the case of B 0 ∼ B 1 max (see Fig. 2a ) demonstrates clearly this effect. Actually, the rotating vortex electron structure (see Fig. 3b and d ) disappears in the drift space and the electron beam fills the whole space without the essential azimuthal inhomogeneity. The space charge density decreases and, as a consequence, the critical current for the VC formation increases in this case. So, the suppression of the REB azimuthal instability in the applied external magnetic field leads to the growth of the REB critical current with the increase of the external magnetic field B 0 .
Note, for the ultra-relativistic electron beams with energy W e > 0.7 MeV this increase starts simultaneously with the growth of the magnetic field B 0 > 0 (curves 3 and 4 in Fig. 2a) , In the case of ultra-relativistic electron beams with energy W e > 0.7 MeV when self-magnetic fields are much stronger, the formation of VC is determined mainly by the mechanism of vortex electron structure formation, whereas the suppression of REB transversal dynamics with the growth of external magnetic field has a minor role. So, the first physical mechanism dominates the second one considerably. As a consequence the critical current dependencies in this case (see curves 3 and 4 in Fig. 2a) 
where dθ/dt is the azimuthal velocity of electrons. The motion of electrons of REB is determined by the action of centrifugal force F c = γ 0 m e r (dθ/dt) 2 , Coulomb's repulsion force F k = −eE r and Lorentz force F L = −er(dθ/dt)B (here e and m e are the charge and the mass of the electron, respectively, r is the radial coordinate of electron, E r is the radial component of the space charge field intensity). Then, one can write the motion equation
for the boundary electron of the beam, taking into account the above, the relation (4) and
where V 0 is the accelerating voltage.
Eq. (5) Obviously, the electron inertia increases with the growth of the beam energy, W e , due to the electron velocities increase and, as a consequence, the relativistic growth of the electron mass is observed. As a result, the greater external magnetic field value is required for the electrons in the system to be focused (the limitation of the beam transversal dynamics), therefore, B min increases monotonously with the growth of the REB energy. The behavior of the dependency B min (W e ) on the energy W e is qualitatively similar to the weakly and strong relativistic cases (see Fig. 6 ).
IV. EFFECT OF THE ELECTRON BEAM THICKNESS ON THE VIRTUAL CATHODE FORMATION CONDITIONS
In the previous sections we have analyzed the dynamics of a thin annular REB with a 
V. CONCLUSION
Summarizing the obtained results, it is obvious that the VC formation and electron structure dynamics in the REB differ considerably in the cases of the weakly and ultra relativistic beams. We shown that the nonlinear dynamics of the REB in the weak external magnetic fields is defined by the self-magnetic field of REB which leads to the azimuthal instability and the vortex electron structure formation. Such behavior reduces the value of the REB critical current. The growth of the external magnetic field causes the suppression of the azimuthal instability and, consequently, the critical current increases. In the case of the strong external magnetic field the critical current value decreases and saturates similarly to the weakly relativistic case 25, 34 . The beam thickness does not effect considerably on the process of the vortex structure formation, however, the growth of the beam thickness leads to the decrease of the beam critical current. 
